The observation of ocean wave parameters is necessary to improve forecasts of ocean wave conditions. In this paper, we investigate the viability of using a single GPS receiver to measure ocean-surface waves, and present a method to enhance the accuracy of the estimated wave parameters. The application of high-pass filtering to GPS data in conjunction with directional wave spectral theory is a core concept in this article. Laboratory experiments were conducted to test the viability and accuracy measurements of wave parameters made by a single GPS receiver buoy. These tests identified an error of less than 1% for the rotational arm measurement (wave height) and an error of 1% in verifications of the wave direction and wave period, and showed a 0.488 s bias; this is sufficiently accurate for many specific purposes. These results are based on the best cut-off frequency value derived in this study. A moored-sea GPS buoy on the Taiwanese coast was used to estimate the GPS-derived wave parameters. Our results indicate that data from a single GPS receiver, processed with the presented method to reduce the error of the estimated parameters, can provide measurements of ocean surface wave to reasonable accuracy.
Introduction
Accurate forecasts of wave conditions are of the utmost importance to everyone living, working, or traveling on or near the ocean. To improve wave prediction models, field measurement of wave height, period, and direction are necessary. Several devices exist to measure these parameters of an ocean wave, with ultrasonic sensors and accelerometers being the traditional tools. An ultrasonic sensor measures the distance to the surface of the sea from an observation device anchored on the sea floor through the emission, reflection, and detection of ultrasonic waves. The maximum measurable distance for ultrasonic sensors is around 50 m, so they cannot function in the ocean, and instead are useful only in littoral velocity of the buoy in three dimensions using Doppler shifts in the frequencies of GPS signals. Iwanaka et al. (2005) proposed a new method for measuring wave height and direction with centimeter accuracy using a single commercial-grade GPS receiver on a buoy. By applying a high pass filter to GPS-based buoy data, they were able to extract the movement of a GPS-equipped buoy excited by ocean waves while minimizing the positioning error. Hou et al. (2006) applied the velocity integration method (VI-GPS) to measure wave direction using buoys, opting for VI-GPS over kinematic GPS positioning because kinematic GPS restricts the buoy's distance from the reference station. Nagai et al. (2008) used two sets of GPS buoys to observe wave climate, abnormally high waves, and offshore astronomical tides. Colbert (2010) conducted a crosscomparison of Datawell accelerometer buoys, Datawell GPS buoys and prototype GPS buoys to determine the viability of using offthe-shelf GPS receivers to measure ocean waves, finding good agreement between off-the-shelf GPS buoys, the newer Datawell GPS buoys and the traditional Datawell accelerometer buoys in the energetic part of the wave spectrum. Bender et al. (2010) showed there is very good agreement between GPS precise point positioning, GPS post-processed kinematic positioning and accelerometer measurements of wave height, peak period, and mean period. Doong et al. (2011) presented a methodology to derive wave parameters (e.g., significant wave heights, wave periods, wave direction, and wave spectrum) from GPS output velocities.
There are, however, some disadvantages with the methods presented above. The kinematic GPS positioning method is highly accurate but this method requires a fixed reference point and, therefore, the distance between the GPS buoy and base station is restricted (although it should be noted that in the post-processing mode of kinematic GPS positioning, centimeter-scale accuracy can be achieved for baseline up to 100 km). The DGPS method of wave measurement also requires an additional GPS reference station on shore, similarly restricting it to near-shore applications. Because of the restrictions of kinematic GPS positioning and DGPS, some researchers have used a velocity-integration method to get the precise velocity of GPS buoys and then used that velocity to estimate the position of the buoys (e.g. Doong et al. (2011) ). However, this calculation requires the satellite velocity and can therefore only be used for non-real-time analysis; in operational systems, real-time computation is necessary. The method of Iwanaka et al. (2005) can measure wave parameters to high accuracy and does not have the restrictions of the other methods. In addition, its accuracy is also independent of GPS signal processing methods and the type of GPS observation made. The main limitation of this method is that it is based on high-pass filtering and selection of a cut-off frequency for the filter.
In this study, we use the method first proposed by Iwanaka et al. (2005) with the main focus being to present a procedure for selecting a reasonable cut-off frequency based on root mean square (RMS) differences in GPS height. The goal of this procedure is to allow measurement of ocean-surface waves to proceed from the processing of data from a single GPS receiver, removing distance constraints between the GPS buoy and its base station and thus allowing GPS buoy placement even in the middle of the ocean. The input for our study is the observed GPS data collected from a wave simulator in a laboratory and then on a moored-sea GPS buoy. We use an algorithm that is based on the assumption that errors in GPS data are largely removed by a high-pass filter.
Key Concepts for Ocean Waves

Wave Height and Period
There are two parameters that are commonly used as indicators of the state of a given wave: wave height and wave period. The International Association of Hydraulic Research (IAHR) (1986) recommends that the wave height parameter of a surface wave in the time domain be defined by zero-crossing analysis, which is widely used to define both wave height and period. In the time domain, a wave period is defined as the time between a given direction of zero-crossing (a down-crossing or up-crossing) to the subsequent zero-crossing in the same direction.
Wave height is the difference between the maximum and minimum surface elevation of water in the relevant wave (Liu and Frigaard 1999) . Different conventions have different definitions of wave height, however, depending on whether the trough is considered to occur after or before the crest. According to the Permanent International Association of Navigation Congresses (PIANC), waves are often defined as existing between two successive minima ( Van der Burgt, 1994) . This is similar to the IAHR (1986) definition. For this reason, waves are defined by down-crossings of zero in this paper, and this convention is used to determine the properties of waves.
Maximum wave height (H max ) is the largest crest-to-adjacenttrough value in the record, and is determined by (Liu and Frigaard, 1999) :
where H rms , is
and N is the number of individual wave height measurements in the record. The average wave period (T z ) is determined by (Liu and Frigaard, 1999) :
where N z is the number of zero-crossings and T s is the total duration of the measurement.
Wave Direction
Directional measurements of the wave field made by floating buoys provide the time series
where t is time and the subscript "1" refers to the vertical displacement, while "2" and "3" refer to the displacements in the east and north directions, respectively. The correlation functions of these displacements are defined as follows,
where τ is the time lag. Cross spectra are derived from the Fourier transform of Eq. (5),
where ω is the frequency, i is the standard imaginary unit, and K and Q are real numbers. Because the movement of a buoy is circular, the phase difference between X 1 and X 2 and between X 1 and X 3 is 90
• , and the phase difference between X 2 and X 3 is 0
• or 180
• . We then have the following Eq.:
After substitution of Eq. (7) into Eq. (6), we arrive at
where ϕ 1 , ϕ 2 , ϕ 3 denote the power spectrum of the wave in each axis, and ϕ 1 in particular is the power spectrum of the wave ϕ. The spectral resolution of ocean wave energy can be expressed by multiplication of the power spectrum [ϕ(ω)] and its direction distribution function [G(ω, θ)] (Huang et. al., 1998) :
where θ is the direction of the wave relative to the north. Each function has following relationships:
The direction distribution function can be expanded as a Fourier series:
where L stands for the rest of the Fourier series. Longuet-Higgins et al. (1963) showed that the first four Fourier coefficients can be used to approximate the direction distribution function. The Fourier parameters in Eq. (10) and the cross spectra in Eq. (8) have the following relationships:
Using this, we can then calculate the direction distribution function from the cross spectra. The wave direction is defined as the direction in which G(ω, θ) has the greatest valueθ(∂G/∂θ = 0):
The wave direction estimated in this study is calculated at the frequency ω that has the greatest power spectra (see Iwanaka et al. 2005 ).
Errors in GPS Measurements and High-Pass Filtering
Several kinds of errors and biases contaminate GPS measurements. These can be classified as satellite-dependent errors, signal propagation-dependent errors and receiver-dependent errors.
The errors originating at the satellites include satellite ephemeris and satellite clock errors. The signal propagation errors include ionospheric and tropospheric effects. The errors originating at the receiver include receiver noise, receiver clock errors, the multipath error and antenna phase center variations. Table 1 summarizes the errors present in GPS observations, and the expected time intervals over which the errors could be detected. All numbers are approximate values and are subject to variances. Altogether these factors equate to an error of ±5.1 meters. This is in fact a minimum estimate of the error, because other variables such as the elevation angle of the satellite, the strength of the received signal, and the changing multipath environment must have not been taken into account (Kuusniemi, 2005) .
There are several algorithms that can be used to increase the accuracy of GPS measurements such as differential GPS and real time kinematic positioning methods. Both of these methods require a fixed reference point, however, so GPS buoy positioning is restricted by the need to maintain a relatively small distance to the a base station. Figure 1 shows a typical position result over one hour of measurements from a regular GPS receiver set on a buoy. These data were generated in laboratory experiments using a dynamic simulator (see Fig. 6 , next section). The power spectrum of the positioning data in Fig. 1 is shown in Fig. 2 , demonstrating that almost all of the power in the GPS positioning data exists below 0.01 Hz. The laboratory simulator also provides an environment simulating perfect harmonic ocean wave motion, here called "heaved wave motion" (Fig. 3) . Figure 4 shows the power spectrum of the heaved wave data simulated in this laboratory experiment; the data show an 11 s period and an energy peak located at 0.09 Hz. These characteristics mean that a suitably designed high-pass filter can extract the movement of a GPS-equipped buoy excited by ocean waves with minimum influence from GPS positioning errors. This is the key principle behind measuring ocean waves by GPS positioning. When the high pass filter is adopted, the mean value of the antenna's elevation becomes zero, but this is not a problem as we require only the rotational movement of the buoy, not its absolute elevation. Figure 5 shows the result of data filtered by a high pass filter with a cut-off frequency of 0.05 Hz (the original signal and its power spectrum are shown in Fig. 1 and 2 respectively) . It looks non-periodic because the data have still GPS positioning errors. 
Numerical Investigations
We conducted laboratory experiments to test the concept of using a single GPS receiver and the software package developed in this study to determine wave motion parameters. The software package is written in MATLAB and is based on the zero down-crossing method to estimate the wave parameters (see Section 2.1): the wave height estimation by Eq.
(1), and the wave period estimation by Eq. (3). Eq. (12) is used to estimate the wave direction. Before analyzing the GPS data for the wave parameters computation, we have used a simple high-pass filter algorithm on the GPS position data (see Section 3). This passes through high-frequency components of the GPS position data, while rejecting the low-frequency components in which most of the GPS error lies. The software package also includes a five-step procedure to find optimum cut-off frequency (see below).
A dynamic simulator (Fig. 6 ) was used to perform the experiments. It consists of a wave simulator and a GPS receiver. The wave simulator enables a uniform circular motion to be created in the vertical plane with a specific period. The simulator used in this study belongs to the Fugro OCEANOR AS, and is used for executing laboratory experiments. This simulator has a rotating arm to which a GPS receiver is fixed, simulating the motion of a buoy floating in the ocean. The arm of the simulator is 1.0 m long, such that the maximal vertical displacement is 2.0 m. The period of rotation is set to 11 seconds and the plane of motion of the arm lies 266
• of true north. The GPS receiver used in the simulator is a Jupiter 21 (NAVMAN Inc.) model, and the GPS observations are single-point positioning as processed by GPS receiver's commercial software, output in NMEA format. The sampling rate is 1 Hz, and 90 minutes of data are recorded during the test run. Fig. 7 shows the results of this experiment, with processed GPS data shown in earth fixed Cartesian coordinates both before and after filtering. Before filtering, the coordinate system must be transformed from latitude, longitude and height to an east, north and height local frame. The origin of the local frame is the initial position of the sensor (taken from GPS measurements) because knowledge of the absolute position is not necessary to obtain the rotational motion of the buoy (as shown in the three parts of Fig. 7 , the systematic errors in the GPS system are present in the position data even though the wave simulator is not changing its position). It should also be noted that jumps may be seen in the GPS data that should be removed from the GPS position data: their large wavelengths become a problem when using the high-pass filter by changing the power spectrum of the position data. One simple way to remove the jumps is to remove the offset between the positions before and after each jump. There were not any jumps in the GPS data in this study.
After coordinate transformation and jump removal, the next step in GPS data processing is selecting the cut-off frequency for high pass filtering data. This stage is very important because there is very little signal in GPS data at frequencies higher than 0.01 Hz, so results will vary greatly depending on the cut-off frequency (see Table 2 ). We chose five different cut-off frequencies and computed wave parameters from each of these; our results justified our belief that the variability of the final parameters is dependent to the cutoff frequency. As an example, the arm of simulator (which is 2 m long) is calculated to be 1.87 m long when 0.034 Hz is chosen as the cut-off frequency. The best result is achieved with the frequency of 0.031 Hz, which leads to a calculated simulator arm length of 2.009 m. We also tested a new procedure to choose the cut-off frequency based on the root mean square (RMS) of the transformed GPS heights after returning from the frequency domain to the time domain, and after filtering. The RMS value of wave height is the square root of the mean of the squared values of all wave heights measured over a given interval. Most of the time, the wave height value is changing continuously and significantly, so it is not a good measure of the wave real effect. However, the RMS value is the ef- Figure 8 . Histogram of root mean square (RMS) error in the GPS height data from the wave simulator in the laboratory experiment.
fective value of variation between waves, therefore, it is used as the criterion in our method. To use the RMS values as a criterion, the following steps are done: 1. Selection of cut-off frequencies from 0.01 to 0.05 Hz in steps of 0.001 Hz. (see Table 2 for sample choices of cut-off frequency) 2. Performance of high-pass filtering of the GPS height data in the frequency domain. 3. Transformation of the filtered data from frequency domain to the time domain.
4. Computation of RMS for the transformed data. 5. Computation of the RMS differences for the consecutive cut-off frequencies. Figure 8 shows the histogram of RMS differences for the simulated data. This figure is the basis for RMS criterion chosen in this study.
As can be seen from Fig 8, the value of the RMS difference in the 0.001-0.01 Hz range is the highest for the whole sample. Because of this, we chose a value of 0.01 Hz such that the RMS difference for the consecutive cut-off frequencies becomes less than 0.01 Hz.
Using the above procedure, we arrived at a cut-off frequency for simulated data in the laboratory of 0.031 Hz, and were then able to filter the GPS height data and finally to compute wave parameters. The results are shown in Table 3 . We set the period of rotation and the direction of the arm from the true North to known values, to compare against estimations derived from Eqs. 1, 3, and 12. Figure 9 shows the directional wave spectrum of the simulated data Figure 9 . Directional wave spectrum of the simulated data in the laboratory experiment.
from which we calculated the wave direction with the frequency ω that has the greatest power spectrum, estimated using the cut-off frequency calculated for this experiment (0.031 Hz). Using different cut-off frequencies resulted in different spectra (see Table 2 ).
The maximum wave height (in our experiment, the diameter of the arm's rotation) is calculated to be 2.009 m, a discrepancy of 9 mm from the true value, while the calculated wave period differed by 0.488 s from its true value and the discrepancy between calculated and true direction is 1.4
• . These results show the accuracy possible using a single GPS receiver together with the RMS procedure for selecting the optimal cut-off frequency for a high-pass filter.
We also performed field test with a GPS receiver installed on a buoy moored along the coast of the An-Ping harbor in Tainan, Taiwan: a "moored-sea" field test that, it should be noted, does not quite match the type of signal produced by a wave in the middle of the ocean. The approximate deployed location of the buoy is 22
• 58'43" N, 120
• 10'33" E at a depth of −7.5 m. The buoy used in this study is of a simple, compact design that has been previously used to collect a time series of wave heights in a coastal area (e.g., Cheng et al., 2010) . The buoy is built by attaching a geodeticgrade antenna (of a Javad Regant single depth chokering type) on top of a typical lifesaver buoy and then covering it with a fiberglass radome for waterproofing (Fig. 10) . The buoy was tethered to the land with 30 m ropes, which were used to limit the horizontal location of the buoy without interfering in collection of buoy-height data, and also to prevent the buoy from moving to the channel of the harbor for security reasons. The ropes were not fully tensioned during most of the observation time since it was a relatively calm day. The rope should not have affected the buoy's vertical motion much since it was also afloat. The other end of the rope was tethered to the land, at about 1 m higher than the water level, such that the rope would have risen out of the water had the rope been under tension. A second rope on the same side of the buoy as Survey (NGS) of the U.S., was used to process the GPS buoy data in the kinematic mode using L1/L2 carrier phases with a doubledifferencing technique.
Data from the buoy were collected on April 2, 2008, and we used 120 minutes of GPS data in this analysis. The same procedure was carried out to estimate the wave parameters for moored-sea GPS buoy as for the laboratory simulation test. This included the fivestep procedure to find the optimum cut-off frequency, which we estimated to be 0.011 Hz for the moored-sea GPS buoy. The processed GPS buoy data in components of Cartesian coordinates are shown in Fig. 11 and Fig. 12 . The off-position points in Fig. 11 are because the moored GPS buoy is not completely fixed at a point, as
described above. Table 4 shows the results of wave computation for GPS buoy data estimated using a cut-off frequency of 0.011 Hz based on the RMS criteria. Another study in the north-west coast of Taiwan resulted a wave height between 20 cm to 4 m over a two month period, and a wave period of 5-15 s or more at the same location (Hou, 1998) , which is in good agreement with our results for the Taiwanese coastal area. 
Conclusions
We applied a methodology to derive ocean wave parameters (wave height, wave period and wave direction) from GPS buoy data, and presented a method to reduce the error in these estimated wave Figure 10 . Diagram (top) and image (bottom) of the GPS buoy used at the Taiwanese coast (Cheng et al., 2010) .
parameters. The power spectrum of the GPS data (including its errors) and of the buoy's movement (excited by ocean wave) were the basis for the estimation of wave parameters. Because the buoy movement data is in a frequency band in the GPS data with a very low signal to noise ratio (SNR), the most important point in design of a high-pass filter was the selection of a cut-off frequency; because of this, we selected a cut-off frequency based on the root mean square (RMS) error in GPS-derived height data after transforming these data back to the time domain (from the frequency domain) after filtering. The estimated accuracy of the wave period, height and direction deviate significantly with changes in the cutoff frequency, but the RMS method used in this study provides a tool to reduce the error of the estimated wave parameters.
To verify our methodology, we performed a laboratory experiment consisting of a dynamic wave simulator with a GPS receiver at- tached to it. This was used to simulate perfect harmonic ocean wave motion. Results of wave computations with the selection of the optimal cut-off frequency with RMS method showed an error of the wave height computations at roughly 1%, and errors of 1% and 5% in the wave direction and wave period estimations, respectively. We also estimated the directional wave spectrum and used this to calculate the wave direction to achieve the greatest power spectrum. A moored-sea buoy test was also performed to test our method in more realistic conditions, because there were no other buoy data available for this project in the region in which we performed the moored-sea test. Therefore, we performed the lab experiment as the validation test for our moored-sea investigation.
Our results agree well with those reported by Hou (1998) at the same test area, both for wave height and wave period.
Use of a single GPS receiver to measure wave parameters does not require complicated processing to extract wave data, but can be done simply with the application of a high-pass filter to the GPS point-positioning data. Therefore, the algorithm described here can be executed in the navigation processing core of any GPS receiver. Using this method enables us to reduce the amount of data transmitted from sensors to a land station via communication satellites in other words, it is possible to avoid transmitting raw GPS data for processing, instead transmitting only analyzed ocean wave data. Because of this, the method proposed here reduces not only the price of a sensor system but also its operating cost.
